Abstract The novel generalized perturbation (n, M )-fold Darboux transformations (DTs) are reported for the (2+1)-dimensional Kadomtsev-Petviashvili (KP) equation and its extension by using the Taylor expansion of the Darboux matrix. The generalized perturbation (1, N − 1)-fold DTs are used to find their higher-order rational solitons and rogue wave solutions in terms of determinants. The dynamics behaviors of these rogue waves are discussed in detail for different parameters and time, which display the interesting RW and soliton structures including the triangle, pentagon, heptagon profiles, etc. Moreover, we find that a new phenomenon that the parameter (a) can control the wave structures of the KP equation from the higher-order rogue waves (a = 0) into higher-order rational solitons (a = 0) in (x, t)-space with y = const. These results may predict the corresponding dynamical phenomena in the models of fluid mechanics and other physically relevant systems.
Introduction
Rogue waves (RWs), as a special phenomenon of solitary waves originally occurring in the deep ocean [1] [2] [3] [4] , have drawn more and more theoretical and experimental attention in many other fields such as nonlinear optics [5] [6] [7] , hydrodynamics [8] , Bose-Einstein condensates [9, 10] , plasma physics [11] , and finance [12, 13] . RWs are also known as freak waves [14] , giant waves, great waves, killer waves, etc. There is currently no unified concept for RWs, but RWs always possess two remarkable characteristics: on one hand, they are located in both space and time; on the other hand, they exhibit a smooth and dominant peak. They are always isolated huge waves with the amplitudes being two to three times than ones of its surrounding waves in the ocean [1] , they have caused many disastrous consequences in the ocean.
The focusing nonlinear Schrödinger (NLS) equation [15] [16] [17] [18] [19] iq t + 1 2 q xx + |q| 2 q = 0,
arising from many fields of nonlinear science such as nonlinear optics, the deep ocean, DNA, Bose-Einstein condensates, and finance, is an important model admitting the first-order RW solution in the rational form (also called Peregrine's RW solution) [20] q ps (x, t) = 1 − 4(1 + 2it) 1 + 4(x 2 + t 2 ) e it (2) which can be regarded as the parameter limit of its breathers [21] [22] [23] [24] , and higher-order RW solutions [25] [26] [27] . The intensity |q ps | 2 is localized in both space and time, and approaches to one not zero as x 2 + t 2 → ∞, as well as has three critical points, which differ from its bright soliton q bs (x, t) = β sech(βx − vt) exp i v β x + β 4 − v 2 2β 2 t , β = 0, v ∈ R
in which |q bs | 2 → 0 as |βx−vt| → ∞ and it has infinite critical points, that is a family of critical lines βx−vt = 0. It has been shown that the Peregrine's RW solution has a good agreement with the numerical simulation and experimental results of Eq. (1) [7] . Rogue waves were coined 'rogons' if they reappear virtually unaffected in size or shape shortly after the interactions [28] . In fact, the singular rational solutions of the KdV equation were found by using some constructive methods such as the factorization of the Sturm-Liouville operators [29, 30] and the limiting procedure on the solitons [31] . As the (2+1)-D extension of the KdV equation, the KP-I equation (u t + 6uu x + u xxx ) x − 3u yy = 0,
was shown to admit the regular lower-order rational solutions (also called the lump solitons) in terms of the limit procedure of solitons [31] [32] [33] . Moreover, the rational solutions of KP-I equation were also constructed from ones of the NLS equation [34, 35] . But the KP-II equation given by Eq. (4) with y → √ −1y was shown to admit the singular rational solutions [36, 37] .
Nowadays, to understand the physical mechanisms of RWs in nonlinear physical phenomena, some powerful methods studying the higher-order RW solutions of nonlinear wave equations have been drawn the increasing attention such as the modified and generalized Darboux transformation (DT) [25, [38] [39] [40] [41] [42] , the Hirota's bilinear method with the τ -function [43, 44] , the similarity transformation [28, [45] [46] [47] , etc. Among them, the DT method is an effective technique to solve the integrable nonlinear wave equations [37, [48] [49] [50] [51] [52] .
It is well known that the DT can usually be used to study multi-soliton solutions of nonlinear integrable systems. In 2009, the usual DT can be used to study the multi-RW solutions of the focusing NLS equation (1) with the plane-wave solution q = e it [25] . This modified DT method can theoretically be used to obtain the higher-order RW solutions of the focusing NLS equation (1) but it is so complicated since the used DT can not give an explicit formulae for multi-RW solutions. Recently, by means of the Taylor expansion and a limit procedure, the Matveev's generalized DT method [53] was developed to construct the higher-order RW solutions of the NLS and KN equations [38, 39] . Furthermore, the RW solutions of several other nonlinear wave equations were also investigated using this method [54] . Moreover recently, we presented a novel and simple method to find the generalized (n, M )-fold Darboux transformation of the modified NLS equation, the coupled AB system, and nonlocal NLS equation such that its higher-order rogue wave and rational soliton solutions were found using the determinants [55] [56] [57] .
In this paper, we will present the new, generalized N -order DTs in terms of the Taylor series expansion and a limit procedure to directly obtain the higher-order rational solitons and RW solutions of the (2+1)-dimensional KP equation (4) in the determinants. The main advantages of our method are that no complicated iterations are used to obtain the higher-order RW solutions and the relations between the higher-order RW solutions and the 'seed' solution are clear. Moreover, our method can also be applied to the (2+1)-D generalized KP (gKP) equation [58] 
The rest of this paper is organized as follows. In Sec. 2, we simply recall the usual DT of Eq. (4), and then present an idea to derive the generalized perturbation (n, M )-fold DT for the (2+1)-dimensional KP equation by using the Taylor expansion and a limit procedure such that its higher-order rational solitons and RW solutions in terms of determinants, which contain the known results [32, 33] . We also analyze their abundant wave structures. In Sec.3, we further extend this method to the (2+1)-D generalized KP equation (5) such that its higher-order rational solitons and RW solutions can also be found. The method can also be extended to other higher-dimensional nonlinear wave equations. Some conclusions and discussions are given in the last section.
Moreover, the complete integrability of the KP hierarchy was shown in the sense of Frobenius [60] . By using a constraint, Eq. (4) can be decomposed into the focusing NLS equation and complex mKdV equation, and some new solutions of Eq. (4) have been obtained by using the usual DT [61, 62] . The KP equation can also be separated into a (1+1)-dimensional Broer-Kaup (BK) equation and a (1+1)-dimensional high-order BK equation by using the symmetry constraint [63] . Based on the latter decomposition, a unified DT has been constructed such that some soliton-like solutions with five parameters were obtained for the KP equation [64, 65] . Moreover, the solutions of KP equation can also be expressed in terms of points on an infinite-dimensional Grassmannian [66] .
In the following, we firstly recall the N -fold DT of Eq. (4), and then we present the generalized DT such that we give its higher-order rational solitons and RW solutions. We consider the following constraint
where p = p(x, y, t) is the complex function of the variables x, y, t. Thus, a decomposition of the KP equation (4) is exactly related to the (1+1)-dimensional focusing NLS equation
and the (1+1)-D complex mKdV equation
If p(x, y, t) solves Eqs. (7) and (8), then the corresponding solution of the KP equation (4) can be generated in terms of the constraint (6) . In the following we mainly consider Eqs. (7) and (8).
Lax pair and Darboux transformation
The Lax representations (the linear iso-spectral problems) of Eqs. (7) and (8) are given as follows:
with
where the star represents the complex conjugation, ϕ = (φ, ψ) T (the superscript T denotes the vector transpose) is the vector eigenfunction, λ is the spectral parameter, and i 2 = −1. It is easy to show that two zero curvature equations U y − V x + [U, V ] = 0 and U t − W x + [U, W ] = 0 yield Eqs. (7) and (8), respectively.
We consider the gauge transformation with the Darboux matrix T (λ):
which maps the old eigenfunction ϕ into the new one ϕ, where ϕ is required to satisfy
where T, U, U , V, V , W , and W satisfy
where we have introduced the generalized bracket for the square matrixes [F, {G, G}] = F G − GF . Therefore we have
which yields the same equations (7) and (8) with p → p, i.e., p in the new spectral problem (13) is a solution of Eqs. (7) and (8) .
Hereby, based on Ref. [65] , the usual N -order Darboux matrix T (λ) in Eq. (17) is chosen as
where N is a positive integer,
are 2N unknown complex functions, which solve the linear algebraic system with 2N equations
where
.., N ) are the solutions of Lax pair (9)-(11) for the spectral parameters λ s and the initial solution p 0 . When N distinct parameters λ j (λ i = λ j , i = j) are suitably chosen so that the determinant of the coefficients of 2N variables A (j) , B (j) (j = 0, 1, ..., N − 1) in system (18) is nonzero, the Darboux matrix T is uniquely determined by system (18) .
It follows from system (18) 
.., N ) are the roots of the 2N -th order polynomial det T (λ), i.e.,
To make sure that Eqs. (14a)-(14c) hold for the given Darboux matrix (17), the following Darboux transformation of Eq. (4) holds [65] . 
where (18) ) with
and ∆B (N −1) is given by the determinant ∆ N by replacing its (N + 1)-th column by the column vector (−λ
By applying the N -fold DT (20) , the multi-soliton solutions for Eq. (4) have been obtained by choosing constant seed solution (e.g., p 0 = c) [65] .
In the following, we will construct the generalized perturbation (n, M )-fold DT and higher-order RW solutions in terms of determinant through the N -order Darboux matrix T , the Taylor expansion and a limit procedure.
Generalized perturbation (1, N − 1)-fold Darboux transformation
To study other types of solutions of Eq. (4) such as multi-rogue wave solutions, we need to change some functions A (j) and B (j) in the above-mentioned Darboux matrix T given by Eq. (17) and the initial solution q 0 such that we may obtain other types of solutions of Eq. (4) in terms of some generalized DTs.
Here we still consider the Darboux matrix (17), but we only consider one spectral parameter λ = λ 1 not N spectral parameters λ = λ k (k = 1, 2, ..., N ), in which the condition T (λ 1 )ϕ(λ 1 ) = 0 leads to the system   λ
T is a solution of the linear spectral problem (9)- (11) with the spectral parameter λ = λ 1 . These two linear algebraic Eqs. (21) and (22) . This means that the number of the unknown variables A (j) and B (j) is larger than one of equations such that we have some free functions, which seems to be useful for the Darboux matrix, but it may be difficult to show the invariant conditions (14a)-(14c).
To determine more (e.g., 2(N −1)) constraint equations for the complex functions A (j) and B (j) (j = 0, 1, ..., N ) except for the given constraints (21) and (22), we need to expand the expression
.., N ). Therefore, it follows from Eqs. (23) and (24) that we obtain
To determine the 2N unknown functions
Then, we obtain the linear algebraic system with the 2N equations
in which the first matrix system, (21) and (22) . Therefore we have introduced system (26) containing 2N algebraic equations with 2N unknowns functions A (j) and B (j) (j = 0, 1, ..., N − 1). When the eigenvalue λ 1 is suitably chosen so that the determinant of the coefficients for system (26) is nonzero, hence the transformation matrix T can be uniquely determined by system (26) . Owing to new distinct functions A (j) , B (j) obtained in the N -order Darboux matrix T , so we can derive the 'new' DT with the same eigenvalue λ = λ 1 .
T be a column vector solution of the spectral problem (9)- (11) for the spectral parameter λ 1 and initial solution q 0 of Eqs. (7) and (8) , then the generalized perturbation (1, N − 1)-fold
Darboux transformation of Eq. (4) is given by
where ∆ j,s (1 ≤ j, s ≤ 2N ) are given by the following formulae:
and ∆B (N −1) is found from ∆ N by replacing its (N + 1)-th column with the vector b = (b j ) 2N ×1 , where
Generalized perturbation (n, M)-fold Darboux transformation
Here we consider the Darboux matrix (17) and assume that the eigenfunctions ϕ i (λ i ) (i = 1, 2, ..., n) are the solutions of the linear spectral problem (14a)-(14c) for the spectral parameter λ i and initial solution p 0 of Eqs. (7) and (8). Thus we have
where ϕ
..) are similar to Eq. (25) , and ε is a small parameter.
It follows from Eq. (28) and
with i = 1, 2, ..., n and k i = 0, 1, ..., m i that we obtain the linear algebraic system with the 2N equations
i = 1, 2, ..., n, in which we have first several systems for every index i, i.e.,
are just some ones in system (18), but they are different if there exist at least one index m i = 0.
T (i = 1, 2, ..., n) be column vector solutions of the spectral problem (9) - (11) for the n spectral parameters λ 1 , λ 2 , ..., λ n and initial solution p 0 of Eqs. (7) and (8), respectively, then the generalized perturbation (n, M )-fold DT of Eq. (4) is given by
are given by the following formulae:
and ∆B (N −1) is obtained from the determinant ∆ 
Since the new distinct functions A (j) and B Remark. System (29) in the generalized perturbation (n, M )-fold DT is very important. System (29) is similar to system (18) in the usual N -fold DT and both of them can determine the unknown functions A (j) and B (j) of the Darboux matrix (17) in the gauge transformation, but they are different from each other: for the unknown Darboux matrix T (17), System (18) contains the N distinct eigenvalues, while system (29) has at most N eigenvalues. Because of the different A (j) and B (j) , the former can lead to the multi-soliton solutions, while the latter for the case n < N may generate new solutions, e.g., the higher-order rational solutions including higher-order RW solutions.
Before we consider the higher-order rational solitons and RW solutions of the KP equation (4), we give the following proposition, which is useful to generate its new solutions in terms of the known solutions. If u(x, y, t) is a solution of the KP eqaution (4) , then so iŝ u(x, y, t) = α 2 u(αx + βy + γt, α 2 y + 6αβt,
Proposition 1.
where α = 0, β, γ are real-valued constants.
Therefore, for the obtained solution u N −1 given by Eq. (30) due to the generalized perturbation (n, M )-fold DT, we can further generate the 'new' solution of the KP equation (4) by using Proposition 1.
The higher-order rational solitons and rogue wave solutions
In what follows, we shall present some higher-order rational solitons and RW solutions of Eq. (4) in terms of determinants using the generalized perturbation (n, M )-fold DT. we will use a plane wave solution as a seed solution of Eq. (4) and consider only one spectral parameter λ = λ 1 , i.e., n = 1, m 1 = N − 1 in Theorem 3.
We begin with the non-trivial 'seed' plane wave solution of Eqs. (7) and (8)
which differs from the chosen zero seed solution to study multi-soliton solutions [32] , where a is a real parameter, the wave numbers in x− and y-directions are a and a 2 − 2, respectively. It is known that the phase velocities in x− and y-directions are 4(6 − a 2 ) and 4a(6−a 2 ) a 2 −2 , respectively, and the group velocities in x− and y-directions are 12(2 − a 2 ) and 12 − 6a 2 , respectively. Substituting Eq. (32) into the spectral problem (9)-(11) leads to the eigenfunction solution of the Lax pair (9)-(11) as follows:
where b k , c k (k = 1, 2, ..., N ) are real parameters and ε is a small parameter. Next, we firstly fix the eigenvalue λ 1 = i − a 2 and set λ = λ 1 + ε 2 , then we expand the vector function ϕ(ε 2 ) in Eq. (33) as a Taylor series at ε = 0. Here we choose a = 0 (i.e., p 0 = e −2iy ) to simplify the expansion expression of ϕ to have
where 
∆N
. Finally, we can find the higher-order rational solitons and RW solutions of Eq. (4) in terms of p N −1 in the form
where p 0 is an initial solution of Eqs. (7) and (8 
which contains a free parameter a. In fact, we can also obtain the generalized RW solution from solution (36) with the parameter a in terms of Proposition 1, which contains four free parameters α = 0, β, γ and a. It follows from the solution (36) that the maximum amplitude u 1 = 18 occurs at x = 12t(a 2 + 2), y = −12ta and t = t, the minimum amplitude u 1 = 0 is reached at x = 12t(a 2 + 2) ± √ 3 2 , y = −12ta and t = t, where t can be chosen as arbitrary real number. We have u 1 → 2 as x, t → ∞.
In particular, when a = 0, we have the regular rational solution of the KP equation (4) u 10 (x, y, t) = 2 1 − 8 1 + 4(x − 24t) 2 + 16y 2 +
16(1 + 16y
2 )
Notice that though the symmetry u(x, y, t) with y = 0 reduces the KP Eq. (4) to the KdV equation with the external force f (t) in the form
where f (t) is a function of time, but the solution u 10 (x, y, t) of KP equation (4) with y = 0 in the form does not satisfy Eq. (38) for any force f (t), that is, we may not obtain the corresponding 'rogue wave solutions' of the KdV equation by using the simple reduction y = 0 of the RW solution of the KP equation. This case also appears in the following higher-order RW solutions. According to Proposition 1, we can generate the generalized RW solutions from the solution (37) u 10g (x, y, t) = α 2 u 10 (x, y, t) {x→αx+βy+γt, y→α 2 y+6αβt, t→α 3 t}
which contains three free parameters α = 0, β, and γ. When α = µ/2, β = νµ/2, and γ = 3µ(µ 2 + ν 2 )/3, the generalized rogue wave solution u 10g (x, y, t) given by Eq. (39) reduces to the known lump solution [32, 33] 
where ν and µ are real-valued constants, which approaches to zero as x 2 + y 2 + t 2 → ∞. The parameter a plays a key role in the wave profile of solution (36) in (x, t)-space with y = 0. For two cases a = 0 and a = 0, the solution (36) displays the different wave profiles in (x, t)-space with y = 0 (see Fig. 1 ). When a = 0, the solution (36) exhibits the W-shaped solitary wave, which is not localized (see Fig. 1a ), but when a = 0 (e.g., a = 1), the parameter make the solution (36) generate the first-order RW profile (see Fig. 1b) . That is to say, the parameter a can modulate the solution (36) in the (x, t)-space with y = 0 from the non-localized solution (a = 0) to the localized solutions (first-order RW for a = 1). For any parameter a, the solution (36) displays the same first-order RW profiles in both (x, y)-space with t = 0 and (y, t)-space with x = 0 (see Fig. 1 ).
In the following we mainly consider the localized wave profile of solution (36) in (x, y)-space for the fixed time:
• When the parameter a = 0, the shape of the first-order RW keeps covariant with t changing; when time t = 0, the core of the first-order RW is located at the origin; as time t increases, the core moves along the positive x-axis; as time t decreases, the core shifts along the negative x-axis and the first-order RW does not move in the y-direction, the corresponding wave profiles are shown in Figs. 1(c-d) .
• As the non-zero parameter |a| becomes larger, the profile of u 1 is becoming shrunk step by step in both x and y axes. If we fix the parameter a = 0, then the first-order RW does not change its shape, and its core is always located at the origin with t = 0. For the case a > 0, as time t increases, the first-order RW moves in the low right and upper left on the (x, y)-plane as time t increases and decreases, respectively (see Figs. 2(a1)-(c1) ). For the case a < 0, the first-order RW moves in the upper right and low left in the (x, y) space with t increasing and decreasing, respectively (see Figs. 2(a2)-(c2) ).
Case II. For N = 3, based on the generalized perturbation (1, 2)-fold DT, we derive the second-order RW 
solution of the KP equation (4)
which contains three free parameters a, b 1 and c 1 and is omitted here because it is rather tedious. According to Proposition 1, we can also generate the generalized second-order RW solution from the solution (41). Here we only consider the solution (41) . • When a = b 1 = 0, solution (41) exhibits the elastic interaction of two soliton solutions, which is not localized (see Fig. 3a ),
• When a = 0 (e.g., a = 1) and b 1 = 0, the solution (41) generates the strong interaction of two first-order RWs (see Fig. 3b ), that is, the parameter a can modulate the solution (41) in the (x, t)-space with y = 0 from the non-localized solution ((see Fig. 3a ) for a = 0, b 1 = 0) into the localized second-order RW solutions (see Fig. 3b ) for a = 1, b 1 = 0).
• When a = 0 and b 1 = 0 (e.g., b 1 = 100), the solution (41) is split into two soliton solutions without any interaction (i.e., two parallel solitons), which is not localized. Moreover, the amplitude of one soliton becomes high and another one becomes low as |x|, |t| increase (see Fig. 3c ). Moreover, it follows from Fig. 3c that the width of the upper solitary wave becomes narrow and another one becomes wide as |x|, |t| increase.
• When a = 0 (e.g., a = 1) and b 1 = 100, the solution (41) is split into three first-order RWs without any interaction (see Fig. 3d ). That is to say, the parameter a can modulate the solution (41) in the (x, t)-space with y = 0 from the non-localized solution (a = 0) into localized solutions (three first-order RWs for a = 1).
Notice that it follows from Figs. 3(a) and (c) that for the fixed a = 0, the solution (41) exhibits both nonlocalized wave profile in (x, t)-space with y = 0 for the different parameter b 1 . But the parameter b 1 can split the solution (41) into two parallel solitons for b 1 = 100 (see Fig. 3c ) from the strong interaction of two solitons for b 1 = 0 (see Fig. 3a) . Moreover, it follows from Figs. 3(b) and (d) that for the fixed a = 1, the solution (41) exhibits both localized wave profiles in (x, t)-space with y = 0 for the different parameter b 1 . But the parameter b 1 can split the solution (41) into three first-order rogue waves for b 1 = 100 (see Fig. 3d ) from the strong interaction of second-order RW for b 1 = 0 (see Fig. 3b ).
For any parameters a and b 1 , the solution (41) displays the similar second-order RW profiles in both (x, y)-space with t = 0 and (y, t)-space with x = 0. Thus we only consider the solution (41) in (x, y)-space with the fixed time.
Next, we study the wave profiles of the second-order RW solution with different parameters of a = c 1 = 0, b 1 . It follows from Eq. (41) that the maximum amplitude u 2 = 50 occurs at the origin and the minimum value of u 2 is 0. When x → ∞, y → ∞, u → 2, and a = 0 = b 1 = c 1 = 0, Figs. 4(a) and (b) display the profiles of strong and weak interactions of second-order RW at t = 0 and t = 1, respectively. If we choose b 1 = 0 (e.g. b 1 = 300) and a = c 1 = 0, then we have the profiles of weak interactions of second-order RWs at t = 0 ( Fig. 4c ) and t = 2 (Fig. 4d) , respectively, in which the second-order RW has been split into three first-order RWs that array an isosceles triangle structure. It follows from Figs. 4(c) and (d) that the centers of triangle structures far away from the origin as t increases. By comparing Figs. 4(a,b,c) , we find that the parameter b 1 and t can modulate the second-order RW into the separable three first-order RWs.
Case III. For N = 4, based on the generalized perturbation (1, 3)-fold DT, we can derive the third-order RW solution with five parameters a, b 1 , c 1 , b 2 , c 2 as below:
which is omitted here since it is so complicated. The effect of the parameter a in solution (42) is similar to one in the first-order and second-order RWs. It follows from Eq. (42) that the maximum amplitude u 3 = 98 occurs at the origin and the minimum value of u 3 is 0. When x → ∞ and y → ∞, we have u 3 → 2. In the following we discuss some special structure of the third-order RW solution (42):
• When the parameters a = b 1,2 = c 1,2 = 0, the wave structures of the third-order RW are shown in Figs. 5(a,b) . When time t increases, the third-order RW (see Fig. 5a for t = 0) is split into the six first-order RWs and array a triangle structure (see Fig. 5b for t = 1).
• When the parameters a = b 2 = c 1,2 = 0 and b 1 = 100, the wave structures of the third-order RW solution (42) are displayed in Figs. 5(c,d) . The third-order RW is made up of the six first-order RWs, which array a regular triangle structure regardless of the value of t, but the shape of the triangle may be changed as time increases or decreases.
• When the parameters a = b 1 = c 1,2 = 0 and b 2 = 100, the wave structures of the third-order RW are shown in Figs. 5. For t = 0, the third-order RW is made up of the six first-order RWs, which almost array array a regular pentagon (one sits in the center, while the rest ones are located on the vertices of the pentagon, see Fig. 5e ). The six first-order RWs evolve a regular triangle structure again with time increasing (see Fig. 5f ).
• When the parameters a = b 1 = c 1 = 0 and b 2 = c 2 = 1000, the third-order RW is split into six first-order RWs at t = 0, which array a regular pentagon (one sits in the center, while the rest ones are located on the vertices of the pentagon, see Fig. 5g ). When t = 0 (e.g., t = 1), the six first-order RWs array an irregular pentagon (see Fig. 5h ).
Case IV. For N = 5, we have
∆5
from Eq. (29) such that we obtain the fourth-order RW solution of the KP equation (4) in the form 
which contains seven parameters a, b 1,2,3, c 1,2,3 and is omitted here since it is so complicated. The parameters b 1,2,3, c 1,2,3 can modulate the abundant structures of the fourth-order RW (see Fig. 6 ) for four cases:
• When a = t = 0, b 1,2,3 = c 1,2,3 = 0, the fourth-order RW solution stays beside the origin in (x, y)-plane, that is, the four waves generate the interaction at the point (x, y) = (0, 0) (see Figs. 6(a1)-(a2)).
• When at least one in these parameters {b 1,2,3, c 1,2,3 } is not zero, the fourth-order RW can be spit into several first-order and second-order RWs. In fact, the effects of c i are similar to one of c i for every index i. Here we fix c 1,2,3 = 0. For example, when b 1 ≫ 0 (e.g., b 1 = 100) and b 2,3 = 0, the split ten first-order RWs array an isosceles triangle, which seems to be a 'ten-pin bowling' for t = 0, 0.5 (see Figs. 6(b1)-(b2) and (c1)-(c2)).
• When b 2 ≫ 0 (e.g., b 2 = 10 3 ) and b 1,3 = 0, the split ten first-order RWs array two different pentagons which seems to admit the same center point for t = 0 (see Figs. 6(d1)-(d2) ).
• When b 3 ≫ 0 (e.g., b 3 = 10 4 ) and b 1,2 = 0, the splitted first-order rogue waves array a heptagon with the center being a second-order RW (see Figs. 6(e1)-(e2) ). For the other cases N > 5, we can also find the higher-order rational solitons and RW solutions of Eq. (4), which also possess the abundant structures.
The higher-order rational solitons and RWs of the (2+1)-D generalized KP equation
In the section, we will consider the (2+1)-dimensional gKP equation (5) . When κ = − [58] . In the following, we present the generalized perturbation (n, M )-fold Darboux transformation for Eq. (5) such that we give new multi-RW solutions. Eq. (5) can be separated into the focusing NLS equation
and the (1+1)-dimensional complex mKdV equation
under the following constraint
where p = p(x, y, t) is the complex function of the variables x, y, t. If p(x, y, t) solves Eqs. (44) and (45) , then the corresponding solution of the gKP equation (5) can be generated in terms of the constraint (46).
The generalized perturbation DT
The Lax representations of Eqs. (44) and (45) are given as follows:
It is easy to show that two zero curvature equations
Eqs. (44) and (45), respectively. Similar to the steps for the generalized DTs of the KP equation (4) in Sec. 2, we can obtain the following theorem: 
. . . ψ 
. . . ψ From Theorem 4, we can give some higher-order rational solitons and RW solutions of Eq. (5) in terms of determinants using the generalized perturbation (n, M )-fold DT.
Conclusions and discussions
In conclusion, we have presented a novel approach to construct the generalized perturbation (n, M )-fold DT for both the (2+1)-D KP equation (4) and the gKP equation (5) such that their higher-order rational solitons and RW solutions are found. The constructive procedure is divided into two steps: Firstly, a brief introduction of the usual N -fold DT in matrix form for Eqs. (4) and (5) are given. Secondly a detailed derivation of the generalized perturbation (n, M )-fold DTs for Eqs. (4) and (5) are discussed in terms of the N -order Darboux matrix, the Taylor expansion and a limit procedure. Finally, the generalized perturbation (1, N − 1)-fold DT allows us to obtain higher-order RW solutions of Eqs. (4) and (5) in terms of determinants in a unified way. These spatial-temporal structures of higher-order rational solitons and RWs may need further research due to more parameters. We hope that our results are useful for understanding the generation mechanism and finding possible application of RWs. We believe that the used idea is rather general and could be applied to other physically interesting nonlinear wave models as well. By comparing our results with the known results for Eqs. (4) and (5), our main achievements are listed as below:
• We have given in detail the generalized perturbation (n, M )-fold DTs for Eqs. (4) and (5), and directly obtained their higher-order rational solitons and RW solutions in terms of determinants.
• Compared with the usual N -fold DT method, the generalized perturbation DT method can give the higher-order RW solutions in terms of determinants with the same one eigenvalue, while the usual N -fold DT method can only generate solitons with N distinct eigenvalues. Our generalized perturbation (n, M )-fold DT method and results for the (2+1)-dimensional KP equation (4) and the gKP equation (5) contain both the known results and new ones.
• We use the generalized perturbation (1, N − 1)-fold DT with only one spectral parameter to study multi-RW solutions of Eqs. (4) and (5) . In fact, we can also use more than one spectral parameters to study their generalized perturbation (n, M )-fold DTs, e.g., n = 2 and m 2 = 0 and m 1 = N − 2 such that we may obtain their interactions of RW solutions and multi-soliton solutions, which will be studied in future investigations.
